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One scheme is presented to construct the robust multi-qubit arbitrary-phase controlled-phase gate
(CPG) with one control and multiple target qubits in Rydberg atoms using the Lewis-Riesenfeld
(LR) invariant method. The scheme is not limited by adiabatic condition while preserves the ro-
bustness against control parameter variations of adiabatic evolution. Comparing with the adiabatic
case, our scheme does not require very strong Rydberg interaction strength. Taking the construction
of two-qubit pi CPG as an example, our scheme is more robust against control parameter variations
than non-adiabatic scheme and faster than adiabatic scheme.
Rydberg atoms, the neutral atoms with high-lying Ry-
dberg states, possess the stable ground state hyperfine
levels, long coherence time of Rydberg state, and strong
Rydberg-Rydberg interaction (RRI), which are promis-
ing candidates to be used to construct quantum logic
gates [1]. If one atom is excited to a high-lying Rydberg
state, RRI [2, 3] would shift the Rydberg states in the sur-
rounding atoms, i.e., excitation of the surrounding atoms
would be inhibited. This phenomenon is called Rydberg
blockade mechanism which has been demonstrated [4, 5]
and utilized to realize quantum logic gates [6] in ex-
periment. To suppress the errors of control parameter
fluctuations, adiabatic evolution [7] technology is usu-
ally adopted to accomplish the quantum information pro-
cessing tasks in Rydberg atoms [8, 9]. Nevertheless,
the adiabatic evolution is limited by adiabatic condition
which leads to a slow evolution speed and would be eas-
ily spoiled by decoherence noises. Recently, shortcut to
adiabaticity (STA) is studied to accelerate the adiabatic
evolution while preserves the advantage of robustness,
such as transitionless quantum driving [10, 11], Lewis-
Riesenfeld (LR) invariant theory [12–15]. In Ref. [16],
transitionless quantum driving is discussed for prepara-
tion of mutiple-Rydberg-atom entangled state.
In this letter, we use the STA of LR invariant method
to construct robust multi-qubit Rydberg arbitrary-phase
controlled-phase gate (CPG) with one control and multi-
ple target qubits which can be applied to quantum error
correction [17], discrete cosine transform [18]. Analy-
ses show that the adiabatic scheme requires very strong
RRI strength to construct CPG while our three-step STA
scheme performs well with a smaller RRI strength. The
STA scheme is not only faster than adiabatic scheme,
but also more robust against control parameter varia-
tions than non-adiabatic scheme.
Considering two Rydberg atoms with vdW interaction
Hamiltonian (set ~ = 1) Hr = V |rr〉〈rr| in Fig. 1(a),
each atom consists of two stable ground states |0〉, |1〉
and one Rydberg state |r〉. |0〉c and |1〉t are coupled
to |r〉c and |r〉t by Rabi frequencies Ωr1(t) [Ωr1(t)eiϕ3 ]
and Ωr1(t)e
iϕ1 ,Ωr1(t)e
iϕ2 , respectively (here and here-
∗
slsu@zzu.edu.cn
i iii
V
c
r
t
r
0
c
1
c
1
t
0
t
(a)
(b)
( )t∆ ( )t∆
( / 2 ) ( /2 )
( /2 ) ( /2 )
 ( )  ( )
00 0 0     00 ,
01 1  1     01 ,
10               10                10     10 ,
11         
i i
ct ct ct ct
i i
ct ct ct ct
ct ct ct ct
ct
Step i Step iii
e r e r
e r e r
pi λ pi λ
pi λ pi λ
+ +
+ +
− + − +
− + − +
→ → →
→ → →
→ → →
→
upcurlybracketleft4444upcurlybracketmid4444upcurlybracketright upcurlybracketleft4444upcurlybracketmid44444upcurlybracketright
 ( )
      11            11 11 .i i
ct ct ct
Step ii
e e
ϑ ϑ→ →
144444424444443
1( )r tΩ
1 2
1 1( ) , ( )
i i
r r
t e t e
ϕ ϕ
Ω Ω3
1( )
i
r
t e
ϕ
Ω
ii
Control Target
FIG. 1. (a) Configuration for constructing two-qubit
arbitrary-phase CPG. (b) State evolutions in the three-step
scheme.
inafter, subscript c denotes control atom while t denotes
target atom), where ϕ1, ϕ2, ϕ3 are time-independent laser
phases. Assuming these two atoms have the same detun-
ing ∆(t) = ω − ω0, where ω denotes the laser frequency
and ω0 denotes the atomic transition frequency. In the
interaction picture, Hamiltonian of the Rydberg atom
reads
H =
1
2
[Ωr1(t)(|r〉〈a|e−iϕ +H.c) + ∆(t)(|a〉〈a| − |r〉〈r|)],
(1)
where |a〉 is |0〉c in steps (i) and (iii) while is
|1〉t in step (ii). The instantaneous eigenstates are
|Φ+(t)〉 = cos(θ/2)|a〉 + sin(θ/2)e−iϕ|r〉, |Φ−(t)〉 =
− sin(θ/2)eiϕ|a〉 + cos(θ/2)|r〉, where the mixing angle
θ = arccos[∆(t)/Ω(t)] with Ω(t) =
√
∆2 +Ω2r1, and the
corresponding eigenvalues are E± = ±Ω(t)/2. For ϕ = 0,
the initial state |Φ+(0)〉 or |Φ−(0)〉 would evolve along the
corresponding eigenstate, picking up an adiabatic phase
ε± including [19] dynamical component −
∫ t
0 E±(t
′)dt′
and geometric component i
∫ t
0 〈Φ±(t)|∂t′Φ±(t)〉dt′, when
the adiabatic condition |(Ωr1∆˙− Ω˙r1∆)/Ω3| ≪ 1 is met
(dot denotes time derivative).
To realize the STA with LR invariant method in a two-
2level system, an invariant Hermitian operator [15]
I(t) =
χ
2
[cosα(|a〉〈a| − |r〉〈r|) + sinα(|r〉〈a|e−iβ +H.c)]
(2)
is required which meets i~∂tI(t) = [H(t), I(t)] [12]. Its
eigenvalues η± = ±χ/2 (χ is an arbitrary constant with
units of frequency) and instantaneous eigenstates
|φ+(t)〉 = cos(α/2)|a〉+ sin(α/2)e−iβ |r〉,
|φ−(t)〉 = − sin(α/2)eiβ |a〉+ cos(α/2)|r〉, (3)
where α(t) and β(t) are two time-dependent parameters.
Since the initial states |φ±(0)〉 would evolve along
the corresponding eigenstates |φ±(t)〉 [14], the so-
lution of Schro¨dinger equation can be written as
Σ+,−C±e
iλ± |φ±(t)〉, where C± are constant amplitudes,
λ± = 1/2
∫ tf
0
[∆(t′) − 2Ω˜(t′)]dt′ are LR phases with
Ω˜ = (∆+β˙) cos2 (α/2)+(Ωr1/2) sinα cos(β−ϕ). To meet
the invariant definition equation i~∂tI(t) = [H(t), I(t)],
according to Eqs. (1) and (2), Ωr1 and ∆ are derived as
Ωr1 = α˙/ sin(β − ϕ),
∆ = Ωr1 cotα cos(β − ϕ)− β˙. (4)
If we set the commutation relation [H(0), I(0)] =
[H(tf ), I(tf )] = 0 [15], H(t) and I(t) would share com-
mon eigenstates at the begining and ending of the sys-
tematic evolution process, where tf denotes the interac-
tion time. Thus the STA scheme based on LR invariant
is not limited by adiabatic condition while can achieve
the same purpose with adiabatic scheme.
Next we focus on constructing two-qubit arbitrary-
phase CPG (|00〉〈00| + |01〉〈01|+ |10〉〈10| + eiϑ|11〉〈11|)
with ϑ ∈ [−pi, pi] based on the STA of LR invari-
ant method. The construction process requires three
steps. Firstly, controlling the Rabi frequency Ωr1(t)
coupling |0〉c with |r〉c to realize the evolution of Step
(i) in Fig. 1(b). Secondly, controlling Rabi frequencies
Ωr1(t)e
iϕ1 ,Ωr1(t)e
iϕ2 successively, coupling |1〉t with |r〉t
to realize the evolution of Step (ii) in Fig. 1(b). Thirdly,
controlling Rabi frequency Ωr1(t)e
iϕ3 coupling |0〉c with
|r〉c again to realize the evolution of Step (iii) in Fig. 1(b).
We will describe these three steps in detail below.
Step (i). When the initial control qubit is |0〉c, with
H(t) in Eq. (1), it will be excited to |r〉c along one of
the two invariant eigenstates [here we consider the eigen-
state |φ+(t)〉 in Eq. (3) as an example to illustrate the
process], up to one phase factor labeled e−iβ1 . The LR
amplitudes C+ = 〈φ+|0〉 = 1, C− = 0 and LR phase
will be considered later. To deduce H(t), commutation
relation between H(t) and I(t) needs to be satisfied at
the begining and ending of the evolution process [15].
Besides, if Ωr1(0) = Ωr1(tf ) = 0, it is beneficial for ex-
perimental realization. To meet the above conditions,
setting
α(0) = 0, α(tf ) = pi, α˙(0) = α˙(tf ) = 0. (5)
For simplicity, setting ϕ = 0, it is useful to make β close
to (n+ 1/2)pi to minimize Ωr1 (n = 0, 1, 2...) in Eq. (4).
And it is better for positive Ωr1 and definite ∆. Thus β
should satisfy [15]
β(0) = β(tf ) = β1 = pi/2, β˙(0) = −β˙(tf ) = 3pi/2tf (6)
to meet the above conditions. With boundary con-
ditions in Eqs. (5) and (6), for polynomial ansatz of
α(t) =
∑3
j=0 ajt
j , β(t) =
∑3
j=0 bjt
j , α and β can be
easily obtained. Then the control parameters Ωr1(t) and
∆(t) of Hamiltonian H(t) in step(i) would be derived.
After step (i), Transformations |00〉ct →
ei(−β1+λ+)|r0〉ct and |01〉ct → ei(−β1+λ+)|r1〉ct are
achieved [as shown in Fig. 1(b)] while |10〉ct, |11〉ct
remain unchanged, where λ+ is LR phase.
Step (ii). Turning on the laser that interacts with
the target atom with the Hamiltonian shown in Eq. (1),
which may have different parameter conditions fromH(t)
used in step (i). In step (ii), evolution |1〉t → |1〉teiϑ
would be realized provided that the state of the control
atom is initially in |1〉c. For clearness, the whole physical
process of step (ii) can be classified as two types:
Type one: When the control and target atoms are ini-
tially in states |1〉c and |1〉t, respectively, |1〉c would not
be excited after step (i). And |1〉t will be excited to |r〉t
along one of the invariant eigenstates [consider |φ+(t)〉 in
Eq. (3)] induced by H(t), accompanied by a phase factor
e−iβ2 , which is similar to step (i). Note that Eqs. (5) and
(6) are still required and here labeling β(0) = β(tf ) = β2.
Besides, time-independent laser phase ϕ1 should satisfy
β2 − ϕ1 = pi/2 to make the Rabi frequency Ωr1(t) and
detuning ∆(t) the same as that in step (i). Next, let-
ting H(t) works again and labeling the time-independent
laser phase as ϕ2, |r〉t would be driven to −|1〉t along the
eigenstate |φ−(t)〉 (C+ = 0, C− = 1), accompanied by a
phase factor eiβ3 . Here, setting β(0) = β(tf ) = β3 and
β3−ϕ2 = pi/2 to obtain the same Rabi frequency Ωr1(t)
and detuning ∆(t) in step (i).
Type two: When the control qubit is initially in |0〉c, it
would be excited to Rydberg state after step (i). Thus the
population transfer |1〉t → |r〉t would be inhibited due to
Rydberg blockade [2, 20] with the condition V ≫ Ωr1.
After step (ii), transformation |11〉ct Ωr1e
iϕ1−−−−−→
A|1r〉ct Ωr1e
iϕ2−−−−−→ AB|11〉ct is achieved while
|r0〉ct, |r1〉ct, |10〉ct remain unchanged [as shown in
Fig. 1(b)], where A = ei(−β2+λ+), B = ei(pi+β3+λ−) and
λ± are LR phases. Then arbitrary phase ϑ = pi+β3−β2
is obtained since λ− = −λ+.
Step (iii). With the Hamiltonian H(t) in step (i) and
labeling the time-independent laser phase ϕ3, state |r〉c
would be driven to −|0〉c along |φ−(t)〉, accompanied by
a phase factor e−iβ1 . Here it requires ϕ3 to be pi to ob-
tain the same Rabi frequency Ωr1(t) and detuning ∆(t)
in step (i), and more importantly, to offset the LR phase
λ+ in step (i) (λ− = −λ+). After step (iii), |r0〉ct →
−ei(−β1+λ−)|00〉ct and |r1〉ct → −ei(−β1+λ−)|01〉ct are
achieved as shown in Fig. 1(b) while |10〉ct, |11〉ct re-
main unchanged. Considering these three steps, two-
qubit arbitrary-phase CPG (|00〉〈00|+|01〉〈01|+|10〉〈10|+
3eiϑ|11〉〈11|) is realized with ϑ ∈ [−pi, pi]. The total op-
eration time is 4tf .
The scheme can be generalized to construct multi-
qubit arbitrary-phase CPG with one control and mul-
tiple target qubits in three steps. Suppose the con-
trol atom is the same as that in Fig. 1(a) and all of
the target atoms are the same as the target atom in
Fig. 1(a). Then, the RRI Hamiltonian is changed to
H ′r =
∑n
j=2 V σ
rr
1 ⊗ σrrj +
∑n
j,j′ V1σ
rr
j ⊗ σrrj′ , where
j (j′) = 2, 3, . . . , n (j < j′), σmnk stands for |m〉〈n| of
the k -th atom (k = 1 for control atom, while j, j′ for
target atoms). V1 denotes RRI strength between target
atoms. Considering the full Hamiltonian with the condi-
tion V ≫ Ωr1 ≫ V1 [21], n-qubit arbitrary-phase CPG
|µν · · · ζ〉123···n → eiΘ|µν · · · ζ〉123···n (7)
would be constructed with operation steps the same as
that of the two-qubit case, where Θ = µ(νϑ1 + · · · +
ζϑn−1), and µ, ν, · · · , ζ ∈ {0, 1} while ϑ1, ϑ2, · · · , ϑn−1 ∈
[−pi, pi].
We take the two-qubit pi CPG (labeled U1) as an ex-
ample to show the robustness against control parameter
variations [set laser phase ϕ1 = ϕ2 = 0 in step (ii)],
and discuss its performance comparing with adiabatic
and non-adiabatic cases.
Adiabatic case. Similar to the STA scheme, it needs
three steps to construct U1 via adiabatic method. The
Rabi frequency and detuning are selected as [22]
Ωr1 =


Ω0
[
1− cos
(pit
τ
)]
, 0 ≤ t < τ
Ω0
[
1 + cos
(pi(t− τ)
τ
)]
τ ≤ t < 2τ
(8)
and
∆(t) =


∆0
[
1 + cos
(pit
τ
)]
, 0 ≤ t < τ
∆0
[
cos
(pi(t− τ)
τ
)
− 1
]
τ ≤ t < 2τ
(9)
to realize the population inverse |0〉c → |r〉c or |1〉t → |r〉t
after time duration 2τ (from time 0 to 2τ). Then with
parameters
Ωr1 =


Ω0
[
1− cos
(pi(t− 2τ)
τ
)]
, 2τ ≤ t < 3τ
Ω0
[
1 + cos
(pi(t− 3τ)
τ
)]
3τ ≤ t < 4τ
(10)
and
∆(t) =


∆0
[
1 + cos
(pi(t− 2τ)
τ
)]
, 2τ ≤ t < 3τ
∆0
[
cos
(pi(t− 3τ)
τ
)
− 1
]
, 3τ ≤ t < 4τ
(11)
|r〉c → −|0〉c or |r〉t → −|1〉t would be realized after time
duration 2τ (from time 2τ to 4τ). For control atom, using
the Rabi frequency in Eq. (8) and detuning in Eq. (9) as
step (i), and Rabi frequency in Eq. (10) and detuning in
Eq. (11) as step (iii), |0〉c → |r〉c → |0〉c is realized within
time duration 4τ . Here laser phase is set as ϕ = pi/2 in
step (i) and ϕ = −pi/2 in step (iii). For target atom,
adopting the above Rabi frequencies and detunings used
in steps (i) and (iii) successively as the whole step (ii) and
making ϕ = 0, after the time duration 4τ , |1〉t → eipi|1〉t
is realized. Note that the above evolution is valid when
the adiabatic condition is met, and the adiabatic phases
are offset during the cyclic evolution between two eigen-
states of H(t) in Eq. (1). Obviously, the total operation
time is 8τ in constructing adiabatic U1.
Non-adiabatic case. Rabi frequency is selected as
one truncated Gaussian pulse described by Ω(t) =
Ωne
−t2/σ [22, 23] to realize non-adiaboatic U1 (sub-
script n denotes non-adiabatic case). The correspond-
ing Hamiltonian for control (target) atom is Hc,(t) =
Ω(t)/2(eiφ|r〉〈0c, (1t)| + H.c.). It also needs three steps
to construct non-adiabatic U1. One pi pulse is required
in steps (i) and (iii), while one 2pi pulse with laser phase
ϕ = pi is required in step (ii) [1].
For STA U1, setting total operation time as Ts = 4tf =
4 µs (subscript s denotes STA case), from Eq. (4), the
corresponding maximum Rabi frequency and detuning
are Ωs ≈ 2pi×1.96 MHz and ∆s ≈ 2pi×2.25 MHz, respec-
tively. To make a comparison among the STA, adiabatic
and non-adiabtaic U1, it is rational to set the same max-
imum Rabi frequency and same RRI V in non-adiabatic
and adiabatic cases with STA scheme. For Ωn = Ωs
and V = 2pi × 40 MHz, to construct non-adiaboatic U1,
it needs σ ≈ 0.08293 in steps (i) and (iii) to achieve
the pi pulse, and σ ≈ 0.33171 in step (ii) to achieve the
2pi pulse (σ in units of time square). Total operation
time Tn in non-adiabatic scheme also equals Ts. How-
ever, in adiabatic scheme, the maximum Rabi frequency
Ωa (subscript a denotes adiabatic case) is not suitable to
be 2pi × 1.96 MHz, because a very strong RRI strength
V should be provided to ensure the adiabatic evolution
quality. As shown in Fig. 2(a), for a smaller maximum
Rabi frequency Ωa = 2Ω0 = 2piMHz, detuning 2∆0 = 2pi
MHz, and RRI strength V = 2pi×40 MHz, the fidelity of
adiabatic U1 decreases with increasing τ while it performs
qualifiedly when V = 2pi × 200 MHz. Thus for Ωa > 2pi
MHz, it needs a larger V > 2pi × 200 MHz to ensure the
Rydberg blockade. In Fig. 2(a), the operation time needs
to be Ta = 8τ = 32 µs to construct well performing adi-
abatic U1 with V = 2pi× 200 MHz, while it is enough for
STA U1 with operation time 4 µs and V = 2pi× 40 MHz.
Generally speaking a longer evolution time should result
in a more stable and higher fidelity in adiabatic evolu-
tion, but it is unconventional for V = 2pi × 40 MHz in
adiabatic scheme. Here we consider, for increasing time
duration, the fidelity of adiabatic evolution decreases vis-
ibly due to the accumulated non-Rydberg blockade effect.
And to modify this phenomenon, a larger RRI is needed.
Fidelity in the letter is defined as F = |〈ψideal|ψ(t)〉|2.
Taking step (i) as an example, we show the Rabi fre-
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FIG. 2. (a) Fidelities versus the single step time tf or τ
in constructing U1 of STA and adiabatic schemes. (b) Rabi
frequencies and detunings used for STA, adiabatic and non-
adiabatic schemes within single step time [for step (i)]. Evo-
lution time t is in units of tf = 1 µs (STA and non-adiabatic
cases) or τ ′ = 2τ = 8 µs (adiabatic case). Fidelities ver-
sus the relative deviations of Rabi frequency δΩ/Ω, detuning
δ∆/∆, or the deviation of detuning from the ideal case δ∆
(in units of 2pi MHz): (c) LR invariant scheme U1 with oper-
ation time Ts = 4 µs, RRI strength V = 2pi × 40 MHz; (d)
Adiabatic scheme U1 with operation time Ta = 32 µs, RRI
strength V = 2pi × 200 MHz; (e) Non-adiabatic scheme U1
with operation time Tn = 4 µs, RRI strength V = 2pi × 40
MHz.
quencies and detunings (in units of 2pi MHz) used for
STA, adiabatic and non-adiabatic schemes within single
step time in Fig. 2(b), where the evolution time t is in
units of tf = 1 µs (for STA and non-adiabatic cases) or
τ ′ = 2τ = 8 µs (for adiabatic case).
In Figs. 2(c), 2(d) and 2(e), we show the simulated
fidelities of the three kinds of U1 versus the correspond-
ing relative Rabi frequency deviation (imprecision error)
δΩa,s(n)/Ωa,s(n) and detuning deviation δ∆/∆, where
δΩa,s(n) = [Ω
′
a,s(n) − Ωa,s(n)] and Ω′a,s(n) is the practical
Rabi frequency considering fluctuation, here the same
calculation to δ∆. Note δ∆ in Fig. 2(e) is the detun-
ing deviation from ideal detuning (zero for resonance) in
units of 2pi MHz. Obviously, the STA U1 is more ro-
bust against the control parameter variations than non-
adiabatic U1 as shown in Figs. 2(c) and 2(e). Besides,
the STA U1 is also comparable to adiabatic U1 in the
robustness and needs shorter operation time and smaller
vdW interaction strength, which are shown in Figs. 2(c)
and 2(d).
Note that our scheme is valid and feasible under two
fulfilled conditions. One is the efficient Rydberg block-
ade condition V ≫ Ωr1; The other is about tiny decay,
i.e., tf (τ) ≪ τ ′, where τ ′ denotes the lifetime of Ry-
dberg state. In alkali atoms [24–26], it is shown that
the lifetime of a Rydberg state with principle quantum
number n > 70 can be larger than 100 µs and the RRI
strength between two atoms are above 2pi × 100 MHz,
when the atoms are separated less than 5 µm. Thus the
RRI strength V = 2pi×40 MHz in our scheme is available
and also the operation time 4 µs ≪ 100µs. To show the
influence of decay, we now analyse the fidelity of U1 in
consideration of spontaneous emission with the Lindblad
master equation
ρ˙(t) = i[ρ(t), H(t)] +
2∑
k=1
[
LkρL
†
k −
1
2
(L†kLkρ+ ρL
†
kLk)
]
,
(12)
where H(t) is the total Hamiltonian, ρ(t) is the density
operator of system state. Lk (k = 1, 2) are the Lind-
blad operators as L1 =
√
γr0|0〉c〈r|, L2 = √γr1|1〉t〈r|,
where γr0 and γr1 are the spontaneous emission rates of
control and target atoms, respectively. For brief discus-
sion, we assume γr0 = γr1 = γ. Considering the life-
time of Rydberg state is normally larger than 100 µs,
it is rational to set γ = 0.01 MHz. Then the fidelities
of U1 in STA, adiabatic, and non-adiabatic schemes are
98.17%, 87.70%, 98.21%, respectively. Therefore, the
STA scheme still performs well against decay. Note the
condition Ωr1 ≫ V1 cannot be satisfied at the begin-
ing and ending of the evolution process for constructing
multi-qubit CPGs, because Ωr1 begins and ends up with
zero. However, it does not have much influence on the
STA scheme. For example, the fidelity of constructing
three-qubit pi CPG is still 95.98% for V1 = 2pi×0.1 MHz.
Here small V1 could be achieved with longer separated
distance between target atoms than the distance between
control and target atoms. Condition Ωr1 ≫ V1 can also
be met by adopting larger V of RRI between control and
target atoms, which allows the larger Ωr1 [21].
In conclusion, one scheme to construct multi-qubit
arbitrary-phase CPGs is presented based on STA of LR
invariant theory. We take two-qubit pi CPG as an exam-
ple for numerical simulation. The results show that our
scheme is more robust against control parameter varia-
tions than non-adiabatic case, and evolves faster than
adiabatic case which also leads to a good robustness
against decay. Furthermore, comparing with the adia-
batic case, smaller RRI strength is enough for the STA
scheme.
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